Continuity and Differentiability

.
Let  f(x)=1""% X7

0 ,X=0

Is f(x) continuous? Is f(x) differentiable ?

For n=1,2, ..., let fn(x):x”sini, x=0 and f,(0)=0.
X

Is f,(x) continuous? Is f,(x) differentiable ?

Show thatat x=0

Q) 1-2" has a jump discontinuity ;
1+ 2% '
(i) ! has a jump discontinuity ;
341 ’
(iii) % has a removable discontinuity.
37" +1
_t
Let f(x)=:¢ " X#0  provethat (a) f'(0)=0, (b) f"(0)=0.
o , x=0
Suppose that a function f iscontinuous onaninterval 1 andthat f(x)=0 whenever X

showthat f(x)=0 Vxel.

X is rational

L Dom (f) =[0, 1] .
X isirrational

X )
Let f(x):{l_x

(@) Showthat f iscontinuousforonlya x=7%.
(b) Define g(x)=f(x)f(1—-x). Whereis g continuous ?

Prove that if f satisfies the equation f(x +y)=f(x)f(y) forall x and y,andif

fx)=1+xg(x) where Iing g(x)=1 ,then f'(x) existsforevery x and f'(x)=f(x).

If f satisfiesthe equation  f(xy) =f(x) + f(y) foreveryreal x,y,
showthat f(1)=0 and f(1/x) =-f(x).
f'(1)

If f isdifferentiable ateach x=0,showthat f'(x)=—— ,foreach x=0.
X

is rational,



10.

11.

12.

13.

14.

Let fn(x):x”sini. Findthose n suchthat f,(x) is (a)continuous, (b) differentiable.
X

For those differentiable f,’s , calculate difn(x) and find those n such that difn(x) is continuous.
X X

If f(x) isdifferentiable, then, is it true that f’(x) must be continuous ?

Let CJ[a, b] denotes the set of all continuous functions from [a,b] toR, Cy[a, b] be the setof all
functions f from [a,b]Jto R suchthat f’ existsand is continuous.

Let Dj[a, b] denotes the set of all differentiable functions from [a, b] to R, D,[a, b] be the set of all
functions f from [a,b]Jto R suchthat f” exists.

Find the relations (in the sense of inclusion of sets) between C[a, b], Ci[a, b], Dia b] and Dy[a, b].

1 ,x<l1 u u<l
Using the example X) = , f(u)=
g P 9(x) {2 X>1 W {3u—5 u>1

toshowthat g isdiscontinuousat x=Xq, f discontinuousat up=g(x) doesnotimply f(g(x)) is
discontinuous at  Xg .
X ,x<1
Use the example  g(x) :{ , fluy=9
5 ,x>1
toshowthat g discontinuousat X,, f continuous at ug=g(xg) doesnotimply f(g(x)) is

discontinuous at  Xg .

u ,u<i

Using the example =x* f(u) =
ing xample  g(x) = x (u) {3u—5 ust

toshowthat g iscontinuousat x=X,, f discontinuousat up=g(x) doesnotimply f(g(x)) is

discontinuous at  Xg .



